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THURSTON’S BOUNDARY FOR TEICHMULLER SPACES OF 
INFINITE SURFACES: THE LENGTH SPECTRUM 

DRAGOMIR SARIC 


Abstract. Let X be an infinite geodesically complete hyperbolic surface 
which can be decomposed into geodesic pairs of pants. We introduce Thurston’s 
boundary to the Teichmiiller space T(X) of the surface X using the length 
spectrum analogous to Thurston’s construction for finite surfaces. Thurston’s 
boundary using the length spectrum of X is a “closure” of projective bounded 
measured laminations PMLbddi^)) s-nd it coincides with PMLbddi^) when 
X can be decomposed into a countable union of geodesic pairs of pants whose 
boundary geodesics {anIneN have lengths pinched between two positive con¬ 
stants. When a subsequence of the lengths of the boundary curves of the 
geodesic pairs of pants {an}n converges to zero, Thurston’s boundary using 
the length spectrum is strictly larger than PMLfyddi^)- 


1. Introduction 

Fix a geodesically complete infinite area hyperbolic surface Xq. The space of all 
quasiconformal deformations of X modulo conformal maps and homotopies is an 
infinite-dimensional manifold called the Teichmiiller space T{Xo) of Xq. We study 
the limiting behaviour of the quasiconformal deformations of X when the dilata¬ 
tions of the quasiconfomal maps increase without bound using the length spectrum. 
Thurston ng, m used the length spectrum to compactify the Teichmiiller space 
of a closed surface by adding to it the space of projective measured laminations of 
the surface. Bonahon used geodesic currents to give an alternative description of 
Thurston’s boundary for the Teichmiiller space of a closed surface. In [23], geodesic 
currents were used to introduce Thurston’s boundary to T{X). 

A complete hyperbolic surface is obtained by gluing geodesic pairs of pants (with 
possible at most two punctures on the boundary) and by adding at most countably 
many funnels with closed geodesic boundary and half-planes with boundary infinite 
geodesics (cf. |1|). Since we consider the length spectrum, it is natural to restrict our 
attention to geodesically complete, infinite hyperbolic surfaces that are obtained by 
gluing countably many geodesic pairs of pants (cf. [23], [3], [I]). For such surfaces, 
the Teichmiiller space is completely determined by the marked length spectrum. 
The study of the length spectrum properties for infinite surfaces is started by Shiga 
[23], and it was further developed by various authors(e.g. [I], [2], [3] [H], [13] . 
HH],...). 

Denote by [/] S T{Xq) the equivalence class of a quasiconformal map / : Ag —>■ 
X. Let S be the set of all simple closed geodesics on Xq. Homotopy class of a 
quasiconformal map / : Xq —^ X induces a function from 5 to K which assigns to 
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each a G S the length of a geodesic in X that is homotopic to f{a). Thus we have 
an injective map 

A- : T(Xo) ^ Kfo- 

When Xq is a closed hyperbolic surface then the above map is a homeomorphism 
onto its image if M>g is equipped with the weak* topology (cf. [10]). In the case of 
an infinite surface with a geodesic pants decomposition, the length spectrum metric 
is defined by (cf. [23], |5]) 


disiif], [ 5 ]) = sup 
a^S 


hiXo){f{a)) 


Shiga |24) proved that the topology induced by the length spectrum metric on 
T{Xo) is equal to the Teichmiiller topology when the surface X has a geodesic pants 
decomposition with lengths of boundary geodesics (of the pants) pinched between 
two positive constants. Allessandrini, Liu, Papadopoulos and Su [T| proved that the 
length spectrum on T{Xq) is not complete when Xq contains a sequence of simple 
closed geodesics whose length goes to zero. Thus the two topologies in this case are 
different. 

We introduce a normalized supremum norm on K >0 by 


WfW" 


sup 

cuGS 


/(a) 


^Ao(a) 


for / e Kf g. The normalized supremum norm on ®>o makes the map X : T{Xq) —>■ 
®>o a homeomorphism onto its image (cf. Lemma |4.l|). 

Analogous to the closed surface case, we projectivize X and obtain an injective 
map 


PX : T{Xq) 


PM: 


> 0 - 


By definition, (length spectrum) Thurston’s boundary of T{Xq) consists of the 
boundary points of the image PX{T{Xq)) of T{Xo), where PKfo is given the 
quotient topology with respect to the normalized supremum norm on K>q. 


Theorem 1. Let Xq be an infinite area geodesically complete hyperbolic surface 
that has a geodesic pants decomposition with boundary geodesics of pair of pants 
{cknlriGN- Then (length spectrum) Thurston’s boundary ofT{XQ) is the closure of 
the space of projective bounded measured laminations PMLhudiXo) in where 

PMP has the quotient topology induced by the topology on coming from the 
normalized supremum norm. 

If the lengths of {anjnen pinched between two positive constants then length 
spectrum Thurston’s boundary is equal to PMLbdd(Afo)- 

If the lengths o/{a„}„gN are bounded from the above and there exists a subse¬ 
quence {ctrik} whose lengths converge to 0, then length spectrum Thurston’s bound¬ 
ary is strictly larger than TML^diXo). 


In addition, Thurston’s boundary of a hyperbolic surface Xq whose every geo¬ 
desic pants decomposition does not have an upper bound on the lengths of cuffs 
but that can be decomposed into bounded polygons with at most n sides (intro¬ 
duced by Kinjo [13]) equals PMLi,dd{Xo). On the other hand, if Xq is the surface 
constructed by Shiga |24j such that the length spectrum metric is incomplete, then 
length spectrum Thurston’s boundary is strictly larger than PMLhddi^o) (cf. (4.4). 
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Recall that the quasiconformal Mapping Class Group MCGqdXo) consists of 
all quasiconformal maps g : Xq —> Xq up to homotopy (cf. [lljl. The action of 
MCGqc{Xo) on the Teichmiiller space T{Xq) is given by [/] i-A [/ o g~'^\ and it is 
continuous in the Teichmiiller metric. Therefore it is also continuous in the length 
spectrum metric. The normalised supremum norm on Kfo is invariant under the 
change of markings of S because it is the supremum over all simple closed curves 
S. Therefore we obtain 

Theorem 2 . The action of the quasiconformal Mapping Class Group MCCq^Xg) 
on the Teichmiiller space T{Xq) extends to a continuous action on (length spectrum) 
Thurston’s closure ofT{Xo). 

2. TeICHMULLER spaces of geometrically infinite hyperbolic SURFACES 

Let Xq be a geodesically complete hyperbolic surface whose area is infinite. 
The universal covering Xq of the surface Xq is isometrically identihed with the 
hyperbolic plane H. The boundary at infinity daoXo is identified with the unit 
circle S^. 

The Teichmiiller space T{Xq) of the surface Xq is the space of equivalence classes 
of all quasiconformal maps / : Xq —>■ X where X is an arbitrary complete hyperbolic 
surface modulo an equivalence relation. Two quasiconformal maps /i : Xq — >■ Xi 
and /2 : Xq —>■ X2 are equivalent if there exists an isometry I : Xi —>■ X2 such that 
ff^ ° I ° fi is homotopic to the identity under a bounded homotopy. Denote by [/] 
the equivalence class of a quasiconformal map / : Xq —>■ X. 

The Teichmiiller distance on T(Xq) is defined by 

d-T{[f 1], [h]) = I ^og inf K{g) 

where the infimum is taken over all quasiconformal maps g homotopic to f2 ° fi^ 
and K{g) is the quasiconformal constant of g. The Teichmiiller topology on T{Xq) 
is the topology induced by the Teichmiiller distance. 

3. Measured laminations and earthquakes 

A geodesic lamination on a hyperbolic surface X is a closed subset of X that 
is foliated by non-intersecting complete geodesics called leaves of the lamination. 
Geodesic lamination on X lifts to a geodesic lamination on El that is invariant 
under the action of the covering group of X. A stratum of a geodesic lamination 
is either a leaf of the lamination or a connected component of the complement. A 
connected component of the complement of a geodesic lamination in El is isometric 
to a possibly infinite sided geodesic polygon whose sides are complete geodesics and 
possibly arcs on . 

A measured lamination /r on X is an assignment of a positive Borel measure on 
each arc transverse to a geodesic lamination |/i| that is invariant under homotopies 
relative leaves of |^|. The geodesic lamination \g,\ is called the support of g,. A 
measured lamination on X lifts to a measured lamination on El that is invariant 
under the covering group of X. 

A left earthquake E : Xq —>■ X with support geodesic lamination A is a surjective 
map that is isometry on each stratum of A such that each stratum is moved to the 
left relative to any other stratum. An earthquake of Xq lifts to an earthquake of El 
where the support is the lift of the support on Xq (cf. Thurston [IS]). 
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We give a definition of a (left) earthquake if : IH —IH with support geodesic 
lamination A on H. A left earthquake if : H —>■ El is a bijection of El whose restriction 
to any stratum of A is an isometry of H; if A and B are two strata of A then 

{E\a)-^oE\b 

is a hyperbolic translation whose axis weakly separates A and B that moves B to 
the left as seen from A (cf. Thurston [25)1. 

An earthquake if : El —>■ El induces a transverse measure /r to its support A 
which defines a measured lamination /i with |/i| = A (cf. [H]). An earthquake of El 
extends by continuity to a homeomorphism of . Thurston’s earthquake theorem 
states that any homeomorphism of can be obtained by continuous extension of 
a left earthquake (cf. Thurston |1S]). 

Given a measured lamination /x, there exists a map E^^ : El —>■ El whose transverse 
measure is /x and that satisfies all properties in the definition of an earthquake of 
El except being onto (cf. [5S], [H]). E^ is uniquely determined by /x up to post¬ 
composition by an isometry of El. 

We define Thurston’s norm of a measured lamination /x as 

\\^i\\Th = supi(/x, J) 

J 

where the supremum is over all hyperbolic arcs J of length 1. 

A quasiconformal map of X lifts to a quasiconformal map of El and the later 
extends to a quasisymmetric map of S^. Therefore we consider measured lamina¬ 
tions whose earthquakes induces quasisymmetric maps of iS"^. An earthquake E^ 
extends by continuity to a quasisymmetric map of if and only if ||/x||r?t < oo (cf. 

m\, m, [n], iis]). 

Denote by MLMd{X) and the space of all measured laminations with 

finite Thurston’s norm on X and El, respectively. The above result gives a bijective 
map 

EM : T{X) ^ MLbddiX). 

Note that ||t/x||T?i = t||Ai||T/i, for t > 0. Then, for ||/x||t/i < oo, we have that 
1 1 —>■ E*^, for t > 0, is a path in T{X) called earthquake path. 

4. Thurston’s boundary for Teichmuller spaces oe infinite surfaces 

USING the length SPECTRUM 

In this section we consider infinite type hyperbolic surfaces and introduce “length 
spectrum” Thurston’s boundary to their Teichmuller spaces. It turns out that 
length spectrum Thurston’s boundary differs from Thurston’s boundary introduced 
using geodesic currents (see |2S1 for the construction using geodesic currents). 

Recall that Xq is a geodesically complete hyperbolic surface that has a geo¬ 
desic pants decomposition. In other words, Xq is formed by gluing infinitely many 
geodesic pairs of pants along their boundaries. 

Let be the family of cuffs (i.e. boundary components) of a geodesic 

pants decomposition of Xq as above. Then each is a simple closed geodesic or 
a puncture. We say that {«„} is an upper-bounded geodesic pants decomposition of 
Xq if there exists M > 0 such that, for each n S N, 

^XoWn) < M 
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where Ixoioin) is the length of a„ for the hyperbolic metric of Xq (cf. [T]). Moreover, 
{a„} is a lower-bounded geodesic pants decomposition of Xq if there exists m > 0 
such that, for each n € N, 

Ixoian) > m. 


4.1. General infinite surfaces. Denote by S the set of all simple closed geodesics 
on a geodesically complete hyperbolic surface Xq equipped with a geodesic pants 
decomposition. Let ®>o be the space of non-negative functions on the set of all 
simple closed geodesics S of Xq. We define a map X from the Teichmiiller space 
T{Xq) into K>o, for [/] G T{Xq) and a G 5, 


'^([/])(«)=^/(Xo) (/(«)), 

where /{Xq) is the image hyperbolic surface under quasiconformal mapping / and 
lf(Xo)ifi‘^)) is the length of a simple closed geodesic on /{Xq) homotopic to a 
simple closed curve f{a). The map X : T{Xq) —>■ K>q is injective. 

The length spectrum metric on T{Xq) is given by 


dis{[fi]Af 2 ]) = sup I log 
ses 


^/2(Xo)(/ 2(^)) , j 

hi{Xo)ihid)) J 


Shiga [Ml proved that if Xq has an upper and lower bounded geodesic pants de¬ 
composition then the Teichmiiller distance induces the same topology as 

the length-spectrum distance on T{Xq). 

We introduce the normalized supremum norm on by 


ll/lir"* 


= SUPy^i-^ 
ses iXo\d) 


for all / G Note that the normalized supremum norm on is infinite at some 
points of R*^. We consider only the subset of R*^ where the normalized supremum 
is finite and, for simplicity, denote it by R*^. 


Proposition 4.1. The length spectrum metric on T{Xq) is locally bi-Lipschitz 
equivalent to the normalized supremum norm on X(T{Xq)). 


Proof. Indeed, if 


sup 

ses 


hi{Xo){fiid)) 

^Xo (^) 


h2{Xo){f2{S)) 

Ixo (<5 j 


then 


hi(Xo){fl{d)) _ lf2{Xo){f2{S)) 

ses IxoiS) lMXo){fi{S)) 


Since /i is a quasiconformal map, there exists M > 1 such that 1/M < ^ 

M (cf. Wolpert [17]). The above and symmetry implies 


h2{Xo){f2{5)) 

lfi{Xo){fiid)) 


hiiXo){fi{d)) 

h2{Xo){f2{S)) 


< Me 


for all 6 G S, and one direction is obtained since |loga:|/|a: — 1| is between two 
positive constants for 1/2 < x < 2. The other direction is obtained by reversing 
the order of the above inequalities and the two metrics are locally bi-Lipschitz. □ 
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Allessandrini, Liu, Papadopoulos and Su [2] proved that T{Xo) is not com¬ 
plete in the length spectrum metric when there exists a sequence of simple closed 
geodesics on Xq whose lengths converge to 0. Thus, X : T{Xq) is not a 

homeomorphism onto its image for the normalized supremum norm on ®->o and 
the Teichmiiller metric on T{Xq) when Xq contains a sequence of simple closed 
geodesics whose lengths converge to zero. 

Denote by 

rX : T{Xo) PKfo 

the map from T{Xo) into the projective space PK>o = (K>o ~ {0})/II^>o- The map 
VX is injective on T(Xq). The length spectrum Thurston’s boundary of T{Xq) is, 
by the definition, the space of all limit points in PK>o of the set VX(T{Xq)) for 
the topology induced by the normalized supremum norm (c.f. m for the original 
Thurston’s discussion on closed surfaces). 

Note that a measured lamination fi on Xq represent an element in ®>o by the 
formula 

fi{a) = 

for all a G S, where i{pL, a) is the intersection number. 

Proposition 4.2. Let Xq be a geodesically complete infinite hyperbolic surface 
equipped with a geodesic pants decomposition. Then length spectrum Thurston’s 
boundary of T{Xq) contains the space of projective bounded measured lamination 
PMLbdd{Xo) and it equals the closure of PMLbddiXo) for the topology on PR>o 
induced by the normalized supremum norm. 


Proof. Let /r G ML^ddiXo) be a bounded measured lamination on Xq. Denote 
by for t > 0, an earthquake path with the earthquake measure f/i. Then 
t E*^{Xo) is an analytic path in T{Xo) because p, G ML^ddiXo) (cf. [E]). Let 
ft be a quasiconformal map from Xq to Xt which is homotopic to 
For a G S, the inequality 


ht{Xo){ft{a)) <ti{p.,a) + lxa{a) 


implies that 


...X i'T([/t])(a)-z(/i,a) ^ 1 

^ ^ ixM - t 

for all a G 5 and all t > 0. 

To obtain the opposite inequality, we choose the universal covering of Xq such 
that B{z) = e~^’’^o^°‘'>z is a cover transformation corresponding to a. Let O be the 
stratum of the lift /i of /x to the universal covering El that contains and let 

Oi be the stratum of fi that contains i. Normalize the earthquake such that 
P*^|o = id. Then 

5 * = E*%, oB 

is a covering transformation that corresponds to the geodesic on /((Xq) homotopic 
to ft{oi) (cf. [8]). Denote by k the translation length of Bt and I = lxo{oi) the 
translation length of B. Let fci < 0 and A :2 > 0 be the endpoints of the hyperbolic 
translation and let mt be its translation length (cf. Figure 1). 

A direct computation (cf. [52]) gives 


trace{B*) = 2 cosh 


mt - I 


2fci / 
^2 — fci V 


cosh 


mt + I 


— cosh 


mt - I 


2 


2 


2 
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Consequently 


which implies 


2 cosh 


h 

2 


trace{B^) > 2 cosh — 


k^rrit- 1. 


Since the translation length of a composition of two hyperbolic translations (with 
non-intersecting axis and translating in the same direction) is at least as large as 
the sum of their translation lengths (cf. [2^), it follows that 


rrit > ti{p, a). 


The above two inequalities give 

1 (t ^ _ 1 

t I ~ I t 

which implies 

(2) 1 A’([/t])(a) ^ 1 

t Ixoioi) ~ t 

Then equations Q and ([^ give that, uniformly in a G 5, 

l T([/t])(a) ^ iin,a) 

‘--t IxAa) IxoiaY 

We established that each point in PMLtddiXo) is in Thurston’s boundary. 

Let cr G K>o be such that its projective class [a] is in length spectrum Thurston’s 
boundary. We need to establish that [cr] is in the closure of PMLdddi^o) for the 
normalized supremum norm. 
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There exists a sequence [/„] G T{Xo) that converges to the projective class 
[a ] G PIRfo- Let tn — >■ 00 as n — )■ oo be such that ^<T([/„]) — )■ u as n — >■ oo in the 
normalized supremum norm. Necessarily we have sup„ || [/„])!! < oo. 

Let fn be represented by a sequence of earthquakes with ||^n||r/i = 1 and 

> 0. Then —)• oo as n —)■ oo and the first part of the proof gives 

Note that if ||/i„||T/i = 1 then < 2. Then the above inequality implies that 

II tv<T([/Ti])||^''"* < 3 for all with n large enough and the sequence ^ is bounded 
from the above and below by positive numbers. By choosing a subsequence, if 
necessary, we can assume that >'C>Oasn—>■ oo. It follows that, as u —>■ oo, 

ii^T([/„])-cM„iir"^^o 


which implies 


and the proof is completed. 


||c/i„ - (T 


norm 

oo 


^ 0 


□ 


4.2. Infinite surfaces with bounded geodesic pants decompositions. We 

consider a hyperbolic surface Xq which can be decomposed into geodesic pairs of 
pants with cuffs {Q!„}„gN such that 

1/M < Ixoian) < M 

for some M > 1 and for all n G N. We say that such Xq has a bounded geo¬ 
desic pants decomposition. The next proposition establishes that length spectrum 
Thurston’s boundary coincides with Thurston’s boundary for T{Xq) introduced 
using the geodesic currents (cf. P5]L 

Proposition 4.3. Let Xq be a geodesically complete infinite area hyperbolic sur¬ 
face with bounded geodesic pants decomposition. Then length spectrum Thurston’s 
boundary is equal to the space of projective bounded measured laminations P M L^ddiXo) 
on Xq. 


Proof. Consider a sequence of points [fk] G T{Xq) that converge to (the projective 
class of) L* G K>g in length spectrum Thurston’s boundary of T{Xq). Let tk ^ oo 
as fc —?> oo be such that ^X{[fk]) —t L* in K>g — {0}, where 0(a) = 0 for all 
a G S. Let be a sequence of earthquakes of El such that E*’‘^’‘\si = fk, 

where ||/3fe||T/t < oo (cf. [25]). 

The proof of the above proposition gives 

^ 3 ^ 1 A’(L;*'=fa)(a) i(/3fc,a) ^ 1 

tk ^Ao(a) ^Xo{oi) ~ tk 

for all a G 5. 

Since ([//;]) —)• L*, the above inequality implies 


»(/3fc,a) _ L*{a) 

Ixoict) Ixoict) 
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as fc —)■ oo uniformly in a G 5. Define 


ll/3||is = sup 


i{P,a) 


65 Ixoia) 


for any /? € ML^ddiXo)- The above convergence gives 


SUp||/?fe||is = N <oo. 

keN 


We use the assumption that Xq has a bounded geodesic pants decomposition 
in order to prove that ||/3fc||T/i is bounded in k. Indeed, let {anjneN be cuffs of a 
geodesic pants decomposition V of Xq such that there exists M > 1 with 

^ </xoK)<M 

for all n G N, where {«„}„ are cuffs of V. Let P* be a geodesic pair of pants in 
the above decomposition with the cuffs ai^, for j = 1,2,3. Assume that ai^, for 
j = 1, 2, 3 are different geodesics of Xq. Denote by Pi., j = 1, 2, 3, adjacent pair of 
pants to P* with common cuff ai.. Then there exists a simple closed geodesic a*. 
in Pi^ U P® that intersects in two points such that Ixo (a*.) is bounded from the 
above and below by positive constants depending only on M >0. The components 
of P* — U a*. ) are simply connected for each i. If two of ai ., for j = 1, 2, 3 

is the same geodesic then a similar construction yields a*^ such that components 
of Pi — U^^i{ai^ Ua*.) are simply connected and that Ixoio^*-) is bounded in terms 
of M. " " 

The above convergence of Pk to L* and boundedness of the lengths of ai- and 
a*, on Xq imply that 

i{l3k,ai.),i{Pk,a*.) < C{M) 

for some constant C = C{M) and for all i,k & 'H and j = 1,2,3. Since Xq — 
yji {cdjjO:*.} has simply connected and uniformly bounded components (that 
are polygons with at most six sides) whose boundaries are subarcs of ai ^, a *., we 
conclude that the supremum over all k and over all above components of the /3fc-mass 
of the geodesics intersecting components is finite. Since each geodesic arc of length 
1 on Xq can intersect at most finitely many components of Xq — U|=i , «*.}, 
it follows that sup^^gj^ ||/?fc||T/i < oo. 

By sup/jgj^ ||/?fe||T/i < oo, there exists a subsequence and /3* G MLbdd{XQ) 
such that Pkj —>■ /3* as j —> oo in the weak* topology. (The weak* topology is 
described in terms of the lifts of the measured laminations Pk to the universal 
covering M.) Then 

L*{a)=p*{a) 

for all a G 5 and 

\\P*\\Th < OO. 

Thus any point in length spectrum Thurston’s boundary is in PMLdddi^o)■ The 
above proposition gives that all points in PMLbdd{XQ) are also in length spectrum 
Thurston’s boundary for T{Xq). □ 
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Figure 2. Decomposition of Xq into bounded polygons. 

4.3. Infinite hyperbolic surfaces with upper bounded geodesic pants de¬ 
compositions. Let Xq be a geodesically complete infinite area hyperbolic surface 
with a geodesic pants decomposition V = {ortlnGN such that 

supZjfg(a„) = M < oo. 

n 

In addition, we assume that there exists a subsequence {ctnjjj with lxo{ocnj) —>■ 0 
as j —)■ oo. Let and be the geodesic pairs of pants in V with a common 
cuff an (possibly Pn = Pn)- Let 7 „ be a shortest closed geodesic in P^ U that 
intersects a„ in either one point (when P^ = Pn) or in two points (when ^ P^). 
We have that (cf. [1]) 

_ iln) _ _ 0 ( 1 ) 

max{l, I log Zxo (««)!} 

where 0(1) is a function pinched between two positive constants. 

Proposition 4.4. Let Xq be a geodesically complete infinite area hyperbolic surface 
with an upper bounded geodesic pants decomposition V = {Q!„}„gN such that a 
subsequence of cuffs anj has lengths going to zero. Then length spectrum Thurston’s 
boundary ofT^Xo) is strictly larger than PMLhddiXo). 

Proof. We use the description of the closure of T{Xq) in the Fenchel-Nielsen coor¬ 
dinates for the pants decomposition V = {onlnGN- Namely, a marked surface / : 
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X is inT(Xo) if and only if its Fenchel-Nielsen coordinates {( /^ " I , tx (cin)) In 

^Xq vC>;n| 


^GN 


are uniformly bounded; / : Xq —X is in the closure of T(Xo) if and only if 
{i® bounded and |tx(an)| = o(max{l, | log/xo(an)|}) for all n (cf. [50]). 

~ for some Wj = o(| log Zxo (“n, )|)- 


Define a measured lamination /i = '^,Wja„ 


Then fj. is not Thurston bounded and i?*^(Xo) = X* is in the closure of T{Xo) for 
the length spectrum metric (cf. [10]). The proof of Proposition 4.2 extends to /r to 


get bX(X*) —> ^ as t —> oo in the normalised supremum norm. Since each X* is a 
limit of points in T(Xo), it follows that p. is in Thurston’s boundary and the proof 
is competed. □ 


Theorem 1 from Introduction is established by Propositions |4.2[ |4.3| and |4.4 


4.4. Two infinite surfaces with unbounded geodesic pants decomposi¬ 
tions. The first surface Xi that we consider is introduced by Kinjo [13]. Let P' be 
the hyperbolic triangle group of signature (2,4, 8). Let T' be the triangle fundamen¬ 
tal polygon for L' with angles 7r/2, 7r/4 and tt/S. Then r'(T') tiles the hyperbolic 
plane H. Let T be the union of T' and 7 o(r'), where 7 g S P' is a reflection in 
the geodesic containing the side of T' which subtends the angles 7r/2 and tt/S of 
T'. Denote the vertices of T hy a, b and c; the vertex b is where T' has angle 
tt/S (cf. [m Figure 2]). We choose three points o', b' and c' close to a, b and 
c, respectively, in the interior of the triangle T such that b' is on the side of T' 
containing b. The surface Xi is obtained by puncturing the hyperbolic plane at the 
points r'{a',6',c'} (cf. [HI Figures 2,3]). Kinjo [T3] proved that the Teichmiiller 
space r(Xi) is complete in the length spectrum metric. 

Let {7i}i=i,...,8 be the elements of F' that fix a. Let 1^ be the simple closed 
geodesic which separates the eight points { 7 i(a)}j=i ^...^8 from the other punctures 
of Xi. We similarly define curves lb and Ic, and then extend the definition using F' 
to all other groups of eight cusps. The lengths of all r'(/a) are the same, as well as 
the lengths of all r'(Z{,), as well as the lengths of all r'(?c). 

For the triangle T, we denote by la',b' the simple closed geodesic which is ho¬ 
motopic to a simple closed curve in T that separates a', b' from c'. We similarly 
extend the definition to lb',c' and lc',a'i and then extend it to all triangles using the 
invariance under F'. Note that the lengths of r'(Za',&') are the same, as well as the 
lengths of all T'{lbyc'), and the lengths of all r'(/c',a')- 

The lengths of the family of geodesics r'(/a)ur'(Z;,)ur'(/c)ur'(?a/_;,/)ur'(4',c')U 
r^(/c',a') are bounded from the below and from the above, and this family separates 
the surface Xi into hnite bounded polygons with uniformly bounded number of 
sides. Then the proof of Proposition |4.4| extends to show that length spectrum 
Thurston’s boundary coincides with PMLbdd{Xi). 

Denote by X 2 an infinite hyperbolic surface defined by Shiga [H] that has geo¬ 
desic pants decomposition with cuff lengths converging to infinity. The surface X 2 
contains a sequence 7 „ of simple closed geodesics with lx 2 iln) —>■ 00 as n —)■ 00 
such that for each closed geodesic 6 we have 

00 

(4) 1x2(5) klx2 (lk)i(lk,5), 

k=l 

where only finitely many terms are non-zero. Shiga |24j proved that a sequence 
of full Dehn twists /„ around the curve 7 „ diverges in the Teichmiiller metric and 
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it converges to the identity in the length spectrum metric. Thus the two metrics 
produce different topologies on T{X 2 ). 

We define /3n to be a measured lamination whose support is {'^k}k=i,...,n such 
that, for fc = 1 ,..., n, 

P'ri\-ik ~ ^X2 (fife)- 

The projective class [/3„] is in PMLbdd{X 2 )- Define /3* to be a measured lamination 
on X 2 whose support is such that, for all k = 1,2,.. 

^*\ik ~ ix^ink)- 

It is clear that the projective class [/?*] is not in PMLbdd{X 2 ). 

We prove that [/3„] —> [/3*] as n —> 00 in the normalized supremum norm. Indeed, 
let (5 be a simple closed geodesic in X 2 . Then 

\i{Pn,5) - ^ i{/3k,S) _ Y.T=n+i ^ 1 

ki^+i fc*(<5:7fc)^X2(7fc) ~ n + 1 

and [13:^] is in length spectrum Thurston’s boundary of T{X 2 ). Therefore the bound¬ 
ary is larger than PMLi,dd{^ 2 )- 

Open problem: Assume that a sequence in T(Xo) converges to a bounded projec¬ 
tive measured lamination in length spectrum Thurston’s boundary. Is it true that 
the sequence converges in Thurston’s boundary introduced using geodesic currents? 
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